ヘンスウ ブンリ ノ カンタンナ モケイ チョウカンスウ ト センケイ ビブン ホウテイシキ 2006 スウガクシ ト アルゴリズム by 高崎, 金久
Title変数分離の簡単な模型 (超函数と線型微分方程式 2006. 数学史とアルゴリズム)
Author(s)高崎, 金久


























1648 2009 68-87 68
2 Hamilton-Jacobi
2.1 Hamilton-Jacobi
Hamilton , $(q,p)=(q_{1}, . . ., q_{n},p_{1}, . . . , p_{n})$
Hamiltonian $H=H(q,p)$
$\dot{q}_{j}=\frac{\partial H}{\partial p_{j}}$ , $\dot{p}_{j}=-\frac{\partial H}{\partial q_{j}}$ , $(j=1, \ldots, N)$
.
Hamilton-JaCobi , Hamilton-Jacobi
$H(q, \nabla S)=E$ , $\nabla S=(\frac{\partial S}{\partial q_{1}},$ $\ldots,$ $\frac{\partial S}{\partial q_{N}})$ ,
(complete Solution) ,
. $I_{1}=E$ $N-1$ $I_{2},$ $\ldots,$ $I_{N}$
$S=S(q, I),$ $I=(I_{1}, \ldots, N)$ ,
rank $( \frac{\partial^{2}S}{\partial q_{j}\partial I_{k}})_{j,k=1,..,N}=N$
.
$p_{j}= \frac{\partial S}{\partial q_{j}}$ , $\phi_{j}=\frac{\partial S}{\partial I_{j}}$
$(q,p)arrow(\phi, I)$ . Hamilton
Hamilton








$L_{I}=\{(q, \nabla S(q, I))|q\in M\}$
. Lagrange (Lagrange
) . , $X$





ration of variables) . Hamilton-Jacobi ,
$(\lambda, \mu)=(\lambda_{1}, \ldots, \lambda_{N}, \mu_{1}, \ldots, \mu_{N})$
$S= \sum_{j=1}^{N}S_{j}(\lambda_{j})$










$S_{N}^{f}(\lambda_{N}))=E$ , $S_{j}’( \lambda_{j})=\frac{\partial S_{j}(\lambda_{j})}{\partial\lambda_{j}}$ ,
$\lambda_{j}$




). $I$ $E$ $(E_{1},$ $I_{2},$ $\ldots)$











$I_{I}$ ( ) .
,
$f_{j}(\lambda_{j}, \mu_{j}, I)=0$ $(j=1, \ldots, N)$





Hamilton $N$ 1 $H_{1}(q,p),$ . . . , $H_{N}(q,p)$
(Hamiltonian 1 , $H=H_{1}$
) , Poisson
$\{H_{j}(q,p),H_{k}(q,p)\}=0$
, Hamilton Liouville . ,
, Lagrange
$f_{j}(\lambda_{j}, \mu_{j}, I)=0$ $(j=1, \ldots, N)$
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$(\lambda, \mu)$ $I$ ( ) ,
$I_{j}=F_{j}(\lambda, \mu)$ . , Hamiltonian
$F(\lambda, \mu)$ 1 . ,
Liouville .
, . , Liouville
1
























Hamilton . , $B(\lambda)$
.
Morosi Tondo [5]







$\bullet$ $S$ $S= \sum_{j_{=1}}^{N}S_{j}(\lambda_{j})$ Hamilton-Jacobi
$\sum_{j=1}^{N}\frac{\exp S_{j}’(\lambda_{j})}{B(\lambda_{j})}=E$
.
2 , Calogero Moser , Calogero-Moser
Ruijsenaars-Shneider ( )
.
3 Falqui, Magri, Pedroni [6] , Hamilton
.
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$\bullet$ Lagrange $\lambda^{N-n}/B(\lambda)$ $(n=1, \ldots, N)$
$\sum_{j=1}^{N}\frac{\lambda_{j}^{N-n}}{B’(\lambda_{j})(\lambda-\lambda_{j})}=\frac{\lambda^{N-n}}{B(\lambda)}$
. $\lambda=\infty$ Laurent








$\exp S_{j}’(\lambda_{j})=A(\lambda_{j})$ $(j=1, \ldots, N)$
Hamilton-Jacobi .
Hamilton-Jacobi $N$ ,












( $I$ ) $N$
$L_{I}=C\cross\cdots\cross C$




$e^{\mu_{j}}=A(\lambda_{j})$ $(j=1, \ldots, N)$
$E=u_{1}$ $u_{2},$ $\ldots,$ $u_{N}$ 1 ,
































2 . $\alpha_{1},$ $\ldots,$ $\alpha_{N}$ $A(\lambda)$ .
$A(\lambda)$
$A( \lambda)=\prod_{j=1}^{N}(\lambda-\alpha_{j})$
4Donaldson [8] , Yang-Mills
. Atiyah-Hitchin Atiyah Hitchin[9]






$u_{2},$ $\ldots,$ $u_{N},$ $v_{2},$ $\ldots,$ $v_{N}$
$2N-2$ ,










$e^{\mu_{j}}=A(\lambda_{j})$ $(j=1, \ldots, N-1)$
. Hamiltonian ,
$u_{2},$
$\ldots,$ $u_{N-1}$ , $u_{n}=H_{n}(\lambda, \mu)$
$H_{n}( \lambda, \mu)=-\sum_{j=1}^{N-1}\frac{e^{\mu_{j}}-\lambda_{j}^{N}\partial v_{n}}{B(\lambda_{j})\partial\lambda_{j}}$
. Hamiltonian
$H( \lambda, \mu)=H_{2}(\lambda, \mu)=\sum_{j=1}^{N-1}\frac{e^{\mu_{j}}-\lambda_{j}^{N}}{B(\lambda_{j})}$


















. ( ) $u_{2},$ $\ldots,$ $u_{N}$
$\phi_{n}=\frac{\partial S}{\partial u_{n}}=\sum_{j=1}^{N-1}\int^{\lambda_{j}}\frac{\lambda^{N-n}}{A(\lambda)}d\lambda$
. Abel-Jacobi (
Jacobi ) . $\lambda_{j}$








$A( \lambda)=\prod_{j=1}^{N}\sinh(\lambda-\alpha_{j})$ , $B( \lambda)=\prod_{j=1}^{N}\sinh(\lambda-\lambda_{j})$ .
$A( \lambda)=\prod_{j=1}^{N}\sigma(\lambda-\alpha_{j})$ , $B( \lambda)=\prod_{j=1}^{N}\sigma(\lambda-\lambda_{j})$ .





$u_{n}$ 1 , Hamiltonian
.
4.3


















1. $H= \sum_{j=1}^{N}\frac{e^{\mu_{j}}}{\prod_{k\neq j}\tanh(\lambda_{j}-\lambda_{k})}$ ,





















. $A(\lambda)$ $c(\lambda)$ . $a(\lambda)$ $A(\lambda)$
$C$ . 19
( 2 , Euler. Lagrange.
Kowalevskaya , Neumann , , )
[18]. 19
Hamiltonian St\"ackel[19]






















Hamiltonian ($c$ $0$ ).
$B(\lambda)$
$B( \lambda)=\prod_{j=1}^{N-1}(\lambda-\lambda_{j})$










$A(\lambda),$ $B(\lambda)$ ( )
. $\lambda$
, $\mu$ ?







$a(\lambda)\wp(\mu_{j})=A(\lambda_{j})$ $(j=1, \ldots, N)$
1 $(\lambda, \mu)$ $u_{n}=H_{n}(\lambda, \mu)$ ,
Hamiltonian .

































Hamiltonian . 4) Calogero
. 3) St\"ackel Hamiltonian $KdV$
. , 2 $\cosh\mu$ 2 $\cosh\mu=e^{\mu}+e^{-\mu}$
, 2) . $\wp(\lambda)$
Hamiltonian
.











. $e^{\mu}$ Odesskii Rubtsov ,
. ,
$\wp(\hslash\partial/\partial\lambda_{j})$ , $\tanh^{2}(\hslash\partial/\partial\lambda_{j})$ , ...
, ( )
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